Volume of the Snub Dodecahedron 
by Mark Adams, 12/7/2020 


Closed-form volume can be expressed two ways 
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Both expressions are the same number, 37.616649962733362975777..., as shown in this wolfram cloud notebook. 


Conventional solution = 


Conventional solution 


One of the world's finest and most eloquent geometers Harold Scott MacDonald Coxeter, in his "Uniform Polyhedra". 





Uniform Polyhedra, Section 10. The Snub Polyhedra 

We construct | p qr by regarding the spherical triangles (p q r) as being alternately white and black (see § 3, especially figure 6). The three 
white triangles that surround a black one contain corresponding points forming an equilateral triangle which we may called a ‘snub face' of | 
pqr. One of these three white triangles is derived from another, sharing with it the vertex P (say), by a rotation through . about P. If this 


rotation takes the chosen point C’/// in the first triangle to C// in the second, we have an isosceles triangle C/// PC whose base CIC 
(opposite to the angle a at P) is one side of the snub face. Solving this isosceles triangle, we find. sin PC'/ sin 5 = sin scouem 


Besides the usual twelve pentagrams and sixty 'snub’ triangles, they have each forty more triangles, lying by pairs in twenty planes (the 
face-planes of an icosahedron). 


Let xi € be the real root of the polynomial: X?+2X?—y?=0 where é = = 
0 


MathWorld--A Wolfram Web Resource by Eric Weisstein shows Coxeter's Snub Dodecahedron polynomial expression from which the 
closed-form is derived, volume is the real root of x. 
187445810737515625 — 182124351550575000 x” + 6152923794150000 «* + 


1030526618040000 x® + 162223191936000 x® — 3195335070720 x © + 2176782336 r!? =0 


Harish Chandra Rajpoot 


Harish Chandra Rajpoot published “Optimum Solution of Snub Dodecahedron". HCR's Theory of Polygon & Newton-Raphson Method is 
used to calculate the volume of the Snub Dodecahedron. After only 7 iterations, the calculated volume matches the closed-form solutions to 
50 digits of accuracy. 


f(Cn) 

f(Cn) 

f(x) = 256(3 — /5)a® — 128(13 — 2,/5)ax® + 32(35 — 3./5)a* — 16(19 — /5)x” + (29 — 5) 
f(x) = 2048(3 — \/5)a" — 768(13 — 2,/5)a° + 128(35 — 3,/5)x* — 32(19 — /5)ax 


(= =i i 10(5 + 2/5)C2 —5((7 + 35) 
Volume = rr + See aa eo 





Iterate to find Circumradius Cp =2.3 Chit = 





5 ~ 37.6166499627333629757777 





3D Numerical 


"Eive volume calculations for Snub Dodecahedron" is a supplement to this essay. Five Python classes, each calculating the volume of the 
Snub Dodecahedron in a different way, the four methods above plus a 3D Numerical method. 3D distances drive a numerical root finder. 
Two triangle objects are defined as adjacent triangles on a regular icosahedron. The algorithm is applied to one point on the plane of each 
triangle so that the distance of a side of an inscribed snub triangle is equal to the side of a non inscribed snub triangle. All methods reach the 
same number, 37.616649962733362975777... 


Alternate solution 


Mark Shelby Adams published "Archimedean Platonic Solids". The Snub Dodecahedron is inscribed on to its base icosahedron of unit edge 
length. 
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Base Icosahedron faces: AABC, AAIBC AB = BC =CA=AIB=CA=1 
Inscribed Snub Dodecahedron faces: Agjk, Agi jk 9) jk kg 99 = gli = D = V3sina— cc 
Non Inscribed Snub Dodecahedron faces: Agglj, Aglgjl Gg = 4 = id = 9d — do 2 

Mid pointson Agglj: idm af + fg = ag = & 

Center point for both AA BCandAgjk: a i + 7 = a = ae 

Center point for both AA! BC and Agi jtki: al ah = aicos(60—a) = qq (cosa + /3sina) 
Center point for both Icosahedron and SnubDodecahedron:  c af = agcosa = Cosa 

Rightangles: fed Zfdb Zafg Zahi Zatfigi fb = ab —af = mye. — 2D cosa) 

Distance of the Snub Dodecahedron edge: D eb = dbsinB = fb sin” B 


eo a ed ee 
eb +ed =eb (1+cot? 8) = eb fb 


Equations 1 and 2 are second order equations of D. 





—2 2 2 2 3 
gd — 2 =of + (ab—af —eb)??+ed —-2 =0 





| 2 
ag + ab — 2abaf + eb|2af — 2ab+ fb] — = = 0 


Ty 1 D - 2 91-—2Dcosa | 2Dcosa ‘i 1—2Dcosa D* 
— a eS = a oe || = 
+ ay — Foose + sin’ p AA ieme [2 dese — Ie ere : 


3 3 
D* — 4D cosa + 1 — sin? 8(1 — 2Dcosa)? =0 (Eg.1) 


id —2 —hi + (ab—-ah- ey +ed —-2=0 








ay 2 
ai + ab — 2abah + eb[2ah — 2ab+ fb] — oe = 0 


rp i D : - 2 21-—2Dcosa [| D(cosa + V3sina) 1 1—2Dcosa De... 
7 F a - (cosa + /3sina) + sin? 8 a A F 2a 0 


—2D* — D(cosa + /3sina) + 1 — sin? 8 (1 — 2D cosa) [1 + D(cosa + V/3sina)] = 0 (Eq.2) 
Equations 3 and 4 are trigonometric operators defining gamma letters: y and I’. 


y=/3tane IT = 3cosa—/3 sing 











2 
cos*a + sin’a = 1 = cos’a (1 + >) or costa = = 
142 
3 
T cosa = (cosa—/3sina) cosa = (3 — y) cos?a = —— 
dite 
a b c 
a a-4 ——— 9 On an 
3(1+ 3) IT cosa — =z | =Icosay’ + 3 y+3(I' cosa — 3) =0 
LS 


aie Pha —3+,/9-12T cos a(T cos a—3) 
ae ee «SC 3) 


2r cosa 


Positive Root: y = 





I? = [cosa (3— 7) = 30 cosa — $[-3 + »/9— 121 cosa([cosa—3)] (Eq.4) 


Combine Equations 1 and 2 with variable y to solve between D and a 





Golden Ratio phi: yp = ae Icosa symmetry : sin? B = a 
Combine: 3?(Eq.2) + 3y?(Eq.1)y = 0 

i J k 
—— a laeiniciaiasiatgineidias “ateingeiieieintaeteininiets. 


—_— 
[3y?(y — 2) +2 ((1— 2y) cosa — /3sina) cosa] D? — ((4y+1)cosa+V/3sina) y+ D+(y+1)y* = 
Definemuandlambda: j? — 4ik =(ucosa + AV3sina)? = p?cos*a + (uA)2V/3cosasina+ 3 sin? a 


[y?(4y + 1)? — 4y?(y +1) (3y?(y— 2) +2(1 — 2y))] cos?a + [y8(4y+ 1) + 4y4*(y4+1)| 2V3cosasina + 


"asim int iii inc mienininienecniini Ne, pee 
we (uA) 
[ye = Ap® (y+ 1)(y— 2)] 3sin? a 
aati pecan! 
’ 


Sum components (uA)? — p22 = 0 using identities y™*!—y™ +=" and gy"? +9"? = 39" 





pis | | | 16-16 |8—8 |1-1 
yl | 64 | — 32 | —144 | —80 144 | —32 —144 
ig | — 48 144 | 96 0 |32+128 —288 | 40— 200 | 8-184 144 
yp? | 64 | —32 | —192 | —32 | 64 
ye | | | 16 ey | 16 
+144? | yo | =ayP | yy | -~ 
p=—1 g=-1 r=-¢ 
lee. -—~ “~ 
First root of y: —1 y? —y? -y —~p 
=" -1 —4 bis 
6=—- Cig = {Sl H= = (y+1) |y4 —2y? -y’y  -y 
_ 2p? pq 4 3 
= er yoo 6+y 
= 2 il -_ —49-27,/5 3 2 
a ae on i i | 
Second root of y: 0 —y? —y 
=p b Yy b ye oe 2 
Z-yee +e -t-/eee aE : a 
ee ee ey 5 yg 1 / 5 


Note: If a is taken as ¢ then y becomes an Origin to one third powers of the golden ratio 


From the first root of y: a _9 


[2(3 cosa — V3sina) cosa —9y?| D + y4(3cosa—V3sina) = [2f cosa—9y?|D + y*T = 0 


oT 


D = —.— 
9y2—2T cosa 


(Eq.5) 


T'(9y?—2T cos a) _ : : 
Geb (4-1) = 0 (substitute D with Eq.5) 
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T'(9y?—2F cos a) er 9y?—2T cosa 
ae (ay = 4 cos? a) (<) aoa Ay cosa + yp (=) = 0 


A(['. cosa)? — 36y*T' cosa + 27y2+ y*T? = 0 (substituteT? with Eq.4) 





4([.cosa)? + 3y?(y* — 12) cosa + 3y?(y? +18) = ¥ /9 — 121 cosa(I' cosa — 3) 
Square both sides and subtract 


16(['cosa)* + 24y?(y? — 12)(I' cosa)? + 36y7(21y? + 11)([.cosa)? + 54y4(y? — 36) cosa + 81y*(y? + 9) 
= 0 


Definez: «= 2T cosa and divide by 81: 


e+e (¢? = 12)2" +e" Ole" 411e" + ¢*(¢? =36)e4¢(e" +9) = 0 


p=—9¢" q=¢" (21p?+2) r=—p4(y?+9) 
pen, Ss SS 
x? —9y? x? +y?(21p2+2)2 —y*(y?+9) 
(e-1) | +y"(y? — 12)z% +y7(21y?+11)a? + y*(y?-36)r + p*(y? +9) 
a at 
0 —9y? 23 +9? x? 
0 yp? (21y? + 2)x? —y*(21y? + 2)x 
0 —pi(y? +9)  yi(y? +9) 
0 0 


Firstrootofx: 1 


a= 24g = -27y44+ G2(21y? +2) = —2¢8 
2p? pq 
i= a +P 


b= —54y® + 3y4(21y? + 2) — yt(y? +9) = yl? 
Second root of x : 


=P b Y |, a b a 2 3 
foes (Eee —/b- ag =e 4 
From the second root of x: I'cosa = 3(3y?— yn) (Eq.6) 
g 8 p y 8 i 6 2 a 
(ye+VS-#) (Ve-Ve-4) Se eae I MEY) 


Noting D = /3sina — cosa, we find: 








(9p* + y + 6n — 3y%n?)? — (p + 3n)? (1— 3p*(3V5 — 2p*n + y’n")) = 0 
(expand and substitute n° with Eq.7) 


= (9p? + y)? + 367? + 9p%n(2n + y) + 2(9¢3 + Y) (67 — 393) — 3693 (27 + y) — yp? (1 — 3¢4(3V'5 — 293+ Y?n?)) 
—6y (n — 34 (3/5 — 293? + y?(2n + v))) — 9 (n? — 3p4 (35m? — 2y3 (2 + v)+y?n(2n+~))) = 0 

= (81y° + 18y* + y? — 364 — yp? + 9° /5 + 188 — 543) (all 3 orders of 7 sum to zero) 
+ (9p? +12(9y? + y) — 72y3 + 6y® — By + 54y° V5 + 36y" — 108y8 + 27y7)n 


+ (36 + 18y° — 6y3 (9p? + y) + 3y8 — 368 — 9 + 81y4V/5 +.54y%)n? = 0 





1 = 3y4(3/5 _ 2y°n + yn?) mz te (Eq.8) 
Substitute Eq.6 and Eq.8 into Eq.3 


= 3 ee 
—3+,/9-12T cos a(T' cos a—3) —14,/1-34(3/5—2937+2n?) ee 


= 2 cosa = 3y?—y3n — 307-3 n 
9-399? +p+3nt3(3¢?—¢')n—-3y37? 8p +37 
7 (p+3n)(3y?—y3n) p+3n 
3 
cosa = = 





1 _ 1 _ 1 _ 
/1+tan? a es 144 ( 3p-+3n ) 24/'?+3n(e+n) 


+3n 





= cos a|3 — = eg eee [3 aed = Se eel E 9 
- (es) rn] Tamers OS) 


Substitute Eq.6 and Eq.9 into Eq.5 








p=“ we me 
9y?—2T cos a 37 3 ?+3n(e+n) 
Sees = 2. 
I Mery : — 2 in = ai = eee ac= ab = = = 
cosa symmetry : cos 8 BS B v3 b 2/3 “= tanB 2/3 


Radius to triangle face: Tiriange = 5 = oar / 9? + 3n(y +n) 


Circumradius (radius to vertex): 


2. 2 4 2, 
2 = = p(y" +3n(p+n))+4 1 / 9t+4+3y*n(y+n) 
Tcircumradius = "triangle + (2 sin 3) 2 = ge ——— 


Inradius (radius to pentagon face): 





4 2 
_ 2 2 io pi +4+3p"n(p+n) gp _ » 1 
Trent = ue — (2sin = = 4{/ —— - = = 5,/—t + 
pentagon circumradius ( 5 ) 12 V5 9 p V5 np n) 
Midradius (radius to edge bisector): 
2 (ip? 1 441+3y?n(p+n) 

ee ee OS . [PP re . 1 Pee 

Tmidradius = "triangle ar (2tan = ) _ 12 = 2 3 
dl i 

Volume SnubDodecahedron = N; triangle X Arediriangle x 3 X Ttriangle + N, pentagon X Aredpentagon x 3 X Tpentagon 


. 4 + 5 /P 1% 1 
= 800 szqVE t3nletn) + 2Gy/ esa og tytn) 


10 . 
V olume gnubDodecahedron = — P % 3n(p - n) 7 = 5+ 5/5yn(y 7 n) 


Origin to one third powers of the golden ratio 


Spinnability of the first golden circle leads to a new second root, if a is taken as ° , the alternate root: 
_ —p afb ee, a 3/ b Ye @ 1,2 4 1 
y= F- + fer -yt- aa = ae ee 3 


Golden ratio powers may be expressed as the sum of two Fibonacci Sequences (r,s): (9 = 





r+s/5 
2 


yp” r s r*—5s? 
yp’ -29 13 —4 
ps 18 —8 4 
yp? -11 5 —4 
we 7 —3 4 
ys —4 2 —4 
yp? a. =) 4 
yt -1 1 —A4 
y? 2 0 4 
yt 1 1 —4 
y 3 1 4 
y 4 2 —4 
yp" 7 3 4 
yg 11 5 —4 
vp 18 8 4 
yp’ 29 13 —4 


The oscillation of r2 — 5s? may be extended to one third powers of the golden ratio 


3 , s rr? —5s? 
3 = 4 
Ee ae 2B eas 2 4 

ee grag: (pr ays) = 
-4 -4 4 4 4, 

eo eee ierees 4 

gh —1 1 —4 
=2 =2 2 =2 2.4 

es ps tps (pt — ps) 4 
a =i 1 =i oe 4 

er praepr (pt tpt) =A 
y? 2 0 4 
i 4 =i 1 =. 4 

pe Pees ples -4 
: 2 = 2 ac 4 

es pst+ps (ps —ps )z 4 
y! 1 1 —4 
4 : =4 4 Ae 4 

ps gstps (ps —~s )z 4 
5 5 =5 5 Hin 

ps ps—ps (pr tps )z —4 
B 3 1 4 


Vectors are used to plot the alternate root as the Origin to one third powers of the golden ratio. 


7 One third powers of the Golden Ratio 
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Origin from the Snub Dodecahedron 





